We demonstrate for the first time that the Hartmann wavefront sensor (HWS) principle can be applied for characterizing the wavefronts of terahertz (THz) electromagnetic radiation. The THz Hartmann wavefront sensor consists of a metallic plate with an array of holes and a twodimensional scanable pyro-electric detector. The THz radiation with different wavefronts was generated by a far-infrared gas laser operated at 2.5 THz in combination with a number of objects that result in known wavefronts. To measure the wavefront, a beam passing through an array of holes generates intensity spots, for which the positions of the individual spot centroids are measured and compared with reference positions. The reconstructed wavefronts are in good agreement with the model expectations.
Introduction
A wavefront is a surface of a propagating wave in space, where all points on the surface have the same phase. The wavefront is one of the fundamental properties for electromagnetic radiation, connecting strongly to a variety of applications such as microscopy [1, 2] , holography [3] , optical testing [4] , adaptive optics [5] , ophthalmology [6] , and interferometric metrology [7] .
Electromagnetic radiation in the THz frequency range is a relatively new, active research area and has peculiar characteristics that make it suitable for various applications for which the optics and microwave techniques are often unable to apply [8] [9] [10] . Although there have been many publications on the properties of THz radiation, until now the THz wavefronts have been rarely studied except for the wavefronts of short THz pulses [11] . There are strong demands to know and understand the wavefronts in the following examples. First, the coupling efficiency of the radiation from a coherent source to an antenna coupled detector or detector array depends not only on the beam patterns, but also the wavefronts; Second, for a THz source, like a quantum cascade laser (QCL) [12] , not only is the beam profile a crucial characteristic, but also the wavefront; Finally, for astronomic instruments many optical components such as lenses and reflecting mirrors are introduced into the optical paths, therefore spatial wavefront distortion of the beam can occur.
In this paper, we propose a technique used for optical wavelength to measure the wavefronts in the THz domain by adapting the Hartmann wavefront sensor (HWS) [13] . As demonstrated in optical wavelengths, the wavefronts can be measured with a number of wavefront sensing techniques [14] . Among them, a Shack-Hartmann wavefront sensor (SHWS) based on a microlens array is the most well-known and commonly used wavefront sensor today because of the advantages such as its wide dynamic range and ability to use either continuous or pulsed sources. SHWS is widely used for adaptive optics. We choose to adapt the HWS to measure THz wavefronts instead of the SHWS because the mask with an array of holes used for HWS is easy to fabricate and therefore it is a quick way to demonstrate this technique. We introduce a THz HWS by combining a metallic plate containing an array of holes with raster scanning of a pyro-electric detector. The latter is applied to measure the intensity pattern of the THz radiation through the mask. The wavefronts with different shape are produced by using a far-infrared gas laser operating at 2.5 THz in combination with complex lenses. We have shown that the wavefronts can be measured at the THz frequencies and can be well explained by model calculations.
Design of a THz Hartmann wavefront sensor
The HWS can measure the wavefront of light using an array of holes in an opaque mask. The measurement principle is as follows; an incident wavefront passing through the holes can create a spot field on the detection plane. The positions of the spot centroids are measured and their lateral displacements from their local optic axis determine the local slope (first derivative) of the wavefronts. In this way, the wavefront of the incident beam can be reconstructed.
To design a mask plate, we perform the simulations of a spot pattern for a beam passing through an array of holes by varying different inputs with regard to the diameter of holes (d), the periodicity (p), and the distance from the mask to the detection plane (L). We optimize designs by judging from the sensitivity and the dynamic range of the HWS. The former is the minimal slope of the wavefront one can measure, and the latter defines the maximal measurable slope of the wavefronts. In our simulation, the Hartmann mask plate is located in the plane at z = 0, with a transmission function G(x,y). We define G = 1 within the holes and G = 0 in the area of outside the holes. The field distribution in the z = 0 plane behind the mask is given according to the following equation,
where E(x,y,0) is the electric field across the plane at z = 0 and U(x,y) is the complex electric field of the incident wave. The field distribution in the detection plane E(x;y;L) that locates at a distance of L behind the mask is calculated by Fourier transformation,
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respectively, and k x and k y are the spatial frequencies in the Fourier domain.
To optimize the mask design, our simulation is focused on the incident radiation that is a plane wave with a wavelength (λ) of 100 µm, corresponding to 3 THz. Figure 1 shows a simulated field of spots in intensity for three different hole array designs on a 16 mm × 16 mm opaque mask. The first mask, defined as Mask 1, has holes of d = 1 mm with a periodicity of p = 3 mm in both x and y directions. The simulated spot fields are shown for two cases with either L = 5 mm or L = 7 mm for the detection plane behind the mask in the first column respectively. As shown in these two sub-figures, each hole produces an own imaging spot. For the case of L = 5 mm, the intensity of the spots is still concentrated in each center. However, for L = 7 mm, all the spots are getting bigger and also the contrast becomes lower. The latter is originated from a combination of the diffraction and the interference due to the overlap of beams from adjacent holes. If L is chosen to be 9 mm, although it is not shown in the figure, all the spots are so blurry that all imaging spots are nearly overlapped with each other due to the diffraction and interference.
Mask 2 has holes of d = 1 mm and a separation of p = 2 mm.. As shown in the two subfigures in the second column, the imaging spots are comparable with those using Mask 1 for L = 5, but become worse than what observed in Mask 1 if L = 7 with regard to the size of the spots and contrast. We now continue to look at the results calculated for Mask 3, which has holes of d = 0.7mm and a separation of p = 2.1mm. The simulated spots fields are shown in the third column. We find that in general the imaging spots become less clear and even become indistinguishable between two adjacent ones. Obviously, when the diameter of the holes and their distance become smaller, the effects of diffraction and interference start to dominate the imaging spot quality. In order to determine the centriods of the imaging spots accurately, one needs smaller imaging spots and higher contrast. On the other hand, the sensitivity of the HWS is proportional to L since a large L can result in a large displacement of the imaging spot with respect to the reference. Therefore, our experiments start with Mask 1 with L = 7 mm. Fig. 2 . Schematic of the measurement setup to demonstrate a THz Hartmann wavefront sensor (HWS). The beam generated from a FIR gas laser passes through a beam splitter. One part of the beam is monitored so that the change of the total power can been measured. Another part of the beam is reflected by two mirrors and shines onto the phase object. The HWS that contains a Hartmann mask and a pyro-electric detector on a 2D translation stage is used to measure the incident wavefront that is distorted by the phase object. The detector plane is located 7mm behind the Hartmann mask. Figure 2 illustrates our experimental setup schematically. An optically pumped farinfrared (FIR) gas laser using methanol (CH 3 OH) generates a radiation beam at 2.52 THz (corresponds to a λ of 119 µm) in our experiment. The cavity of the FIR gas laser is 1.5 meter long and the hole in the couplers is 10 mm in diameter. We choose the gas laser for testing the HWS since it has a Gaussian output beam and has a very low divergence as a result of large waist size [15] . The latter offers nearly an ideal planar wavefront. Furthermore, our gas laser has an output power of 20 mW at 2.5 THz, which allows the use of a pyro-electric detector whose sensitivity is relatively poor.
THz Hartmann wavefront sensor and measurement setup
The gas laser beam, as shown in Fig. 2 , is guided to the phase object by two flat mirrors. The phase object in our case is a high-density polyethylene (HDPE) lens that varies from a simple converging lens to a bi-focal lens that combines a converging one with a diverging one. The HDPE is chosen because of its low loss at THz frequencies. The phase object is to form a distorted, but predicable THz wavefront. Since the amplitude of the gas laser signal is not fully stable, we monitor the output power simultaneously by means of a second pyroelectric detector and beam splitter as shown in the same figure, which is used to correct the effect due to laser power draft to the imaging signal.
The Hartmann mask is based on the design of Mask 1, which consists of a 15 × 15 hole array, covering an area of 300 mm × 300 mm, made in a 0.2 mm thick copper plate. THz radiation can travel only through the holes, but not the copper plate since the skin depth in the copper at THz frequency is much smaller than 0.2 mm. Stycast, which is known to be an excellent THz radiation absorber, covers on the copper surface in order to minimize the reflection. The mask is mounted on a 2D translation stage. In order to increase the spatial resolution of the measured wavefront, we measure the field of the spots in such a way that we record the imaging in intensity by raster scanning of the detector across the beam in 2D on the optical axis, then shift the mask with a distance of 1 mm, for example, in the x-direction, then record the imaging again. For a complete wavefront measurement, we move the mask 9 times in both x and y-directions.
To obtain a field of spots in the detection plane, which we call the HWS spot field, we use the pyro-electric detector (Detector 1 in Fig. 2 ) with a NEP (Noise-equivalent power) of 5 × 10 −9 WHz -1/2 at 2.5 THz and with an input aperture of 1mm in diameter although the active area of the detector is 2 mm × 2 mm. The detector is mounted on a computer controlled 2D translation stage, which is driven at a speed of 1mm/sec. During the measurement the data sampling time interval is 100 msec. The distance between the mask and the detection plane is chosen at 7 mm. In this way, 200 × 200 resolution in the imaging can be obtained with a pixel size of 0.1mm × 0.1mm for a total area of 20 mm × 20 mm imaging area. Note that the resolution of the spot field is equivalent to the camera resolution for an HWS in the optical wavelengths. We now quantify the sensitivity and dynamic range for this specific arrangement. The sensitivity of the HWS is given by θ min = δ/L, where δ = 0.1mm is the minimum detectable spot displacement and L = 7mm, resulting in a θ min of 14 mrad. The dynamic range is given by θ max = ∆/L, where ∆ is the maximal measurable distance from the detected spot to the center of the grid. In our HWS, ∆ = 1.5 mm and L = 7 mm, so θ max = 0.2 rad. As the first step to calibrate the THz HWS, we measure the wavefront of the gas laser beam, directly passing through the Hartmann mask, without any phase object. The output beam of the gas laser has a divergent angle of 3.8 mrad, which is smaller than the sensitivity of our HWS (14 mrad), hence can be considered as planar wavefront. Figure 3 (a) shows typical measured imaging spots in intensity at the detection plane. As mentioned previously, to complete a wavefront measurement, such imaging spots are measured 9 times with a 1 mm shift of the mask for each measurement. The centriods of the spots are determined. The resulted HWS spot pattern is plotted in Fig. 3(b) , where each grid (green square) is a 1mm × 1mm square. For a perfect plane wave, the spots are expected to be located at the center of each grid. The obtained centriods are in practice deviated from the center of the grid within ± 0.2 mm in both x and y directions. The local slopes of the wavefront can be obtained from the spot field and the wavefront can be reconstructed from the local slopes by using Zonal wavefront estimation [16] . Before we comment on the deviations, we show in Fig. 3(c) a reconstructed wavefront based on the data in Fig. 3(b) , which is close to a planar wavefront. However, the wavefront deviates from an ideal plane wave in a scale varying from −0.15λ to + 0.05λ. Potential causes of the deviations are the followings. (a) During the measurement, the mask is aligned such that a row of holes is parallel to the horizontal scan of the detector. However, in practice, across the mask the misalignment can be about 0.1 mm. This may introduce about 0.1λ tilt of the measured wavefront with respect to the optical axis (the zaxis). (b) We assume the beam of the gas laser to be a perfect plane wave, but in reality there might also be local, tiny deviations in the wavefront. Fig. 4 . In the first row: the HWS spot fields of spherical THz wavefronts generated by three lenses with different focal distance. The radii of curvature of the lenses are 20 mm (the first column), 30 mm (the second column) and 40 mm (the third column), respectively. In the second row: reconstructed wavefronts. In the third row: difference between measured wavefronts and perfect spherical wavefronts from a simulation.
Experiments
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Spherical wavefronts
To further characterize the HWS, spherical waves of different radii are generated using phase objects that are HDPE lenses with different focal distances. We use three plano-convex spherical lenses with radii of curvature of 20mm, 30mm, and 40mm, respectively. For this set of measurements, the mask was located 5 mm behind the lens (note this is different from L that is the distance between mask and detection plane). The choice of this distance is based on two practical considerations, namely enough space allowing displacing the mask and large enough beam (radiation imaging) on the mask. Applying the same procedure as for the plane wave, the centriods of the spots are determined for the three phase objects and are plotted in the first row in Fig. 4 . The wavefronts are therefore reconstructed and are also plotted in the second row of Fig. 4 . We compare our measured wavefronts to those simulated for perfect spherical waves using the expected radii, calculated based on the three nominal focal distances of the lenses. The difference between the reconstructed wavefront and the simulated wavefront, (Z(λ) meas -Z(λ) simu ), is plotted in the third row of Fig. 4 . The maximal difference (peak to peak) is found to be 0.5λ for the wavefront generated using the lens with a surface radius of 20 mm (the first column) and this difference decreases to about 0.3 λ for the lens with the largest surface radius.
To derive the radii of the measured wavefronts, we make use of the distance between two centriods of the adjacent spots since for an ideal spherical wave; this distance should be constant within the HWS spot pattern, leading to the radius of the wavefront. In Table 1 we listed the radii of the measured wavefronts and the ones calculated from the focal distances of the lenses. The measured radii are derived from the averaged spot separations, with uncertainties coming from the standard deviation of the measured spot separations from their averaging. We note that the radii measured on the x and y-axes should be equal, however, due to measurement uncertainty, they are not necessary to be exactly the same. This can be caused by a couple of possible reasons, one of them being the small tilt of the mask. We find that the measured radii within the error bar agree reasonably well with the expected ones. For example, for the lens using a focal distance of 20 mm, the measured radius of the wavefront is equal exactly to what is expected. In addition to the two factors mentioned in the plane wavefront measurement, the following facts may influence the measured spherical wave and the related radius. (a) The distance between the mask to the detector in practice may have ± 0.5mm deviation from 7 mm, which can cause the deviations in the wavefront of 0.26λ (R = 20mm), 0.17λ (R = 30mm) and 0.14λ (R = 40mm). (b) There is possible mask tilting on the z-axis. The expected deviation is less than 0.2 mm, which may cause an error of ± 0.1λ on the wavefront. The errors taking (a) and (b) into account can roughly explain the deviations from an ideal spherical wavefront. (c) We use the nominal values of the focal distances of the HDPE lenses. However, in reality, 1~2 mm deviation from the designed focal distance is very likely. This may explain the slight difference between measurement and expectation.
Wavefronts generated by complex phase objects
We now exam the HWS by measuring the wavefronts generated by two complex phase objects. The first one, shown in Fig. 5(a) , consists of a bi-focal HDPE lens that combines a convex lens in the center and a concave lens on the edge. The inner lens has a diameter of 10 mm and the outer lens has a diameter of 25 mm. The radii of the two lenses are both 30 mm. Before measuring the wavefront, the intensity distribution or beam pattern after the lens is measured within a 20 mm × 20 mm area and plotted in Fig. 5(b) , where three distinguishable regions are the filled, highly intensive circle in the center, a ring with low intensity, and the rest with an intensity lying just between the two. Such an intensity profile is expected since when THz radiation passes through the inner lens there is converging of the radiation, while when the radiation passes through the outer lens it becomes diverging. The ring in Fig. 5(b) is formed around the transition region caused by the two lenses. With the HWS mask, the centriods of the spots in a 17 × 17 pixel image with a spatial resolution of 1 mm × 1 mm are determined and plotted in Fig. 6(a) . The black circle in the figure marks the transition between the inner lens and the outer lens. The spots corresponding to the radiation wavefront from the inner lens are drawn in red and the spots from the outer lens are drawn in blue. The spots near the transition ring, if connected one by one either in xdirection or in y-direction, are curved, suggesting a clear change of the direction of the wavefront. The reconstructed wavefront that has a Mexican-hat shape with a maximum in the center and a minimum along the transition ring is shown in Fig. 6(b) . We find that the radius of the measured wavefront corresponding to the inner lens is 54 ± 4mm, averaged from the measured values in both x and y directions. This is in good agreement with the expected wavefront radius that is 53mm. A similar agreement appears for the outer lens, where the measured wavefront radius is 68 ± 8mm, while the expected wavefront radius is 65mm. The second complex phase object is also a bi-focal lens, but being the inverse of the first one. As shown in Fig. 7(a) , its center is a concave lens and the outer is a convex one. The radiation passing through the inner lens becomes diverging, while the radiation through the outer lens becomes converging. Interestingly there will be a ring-like zone where the (coherent) radiation beams from two different lenses intercept and form interference patterns. The intensity distribution after the 2nd phase object, but without HWS mask, is measured and shown in Fig. 7(b) . As expected, no interference pattern is observed in the center and the outer. However, interference patterns characterized by a set of rings with maxima and minima in intensity are observed in the zone where two radiation beams are overlapped. The measured spot pattern is shown in Fig. 8(a) . In the central and outer regions of the measured spot field, usual single spots have been observed. However, in the zone where the interference pattern appears, two independent spots formed by the beams from the inner and outer lenses, through a single hole in the mask, are captured. A similar phenomenon has been reported for the wavefronts of the optical light (λ = 550 nm), which is generated by multifocal diffractive lenses, measured using a SHWS [17, 18] . However, this is the first time that this effect has been observed at the THz wavelengths with a HWS. The physics is very straightforward and is related to the two beams with different wavefronts. To emphases these double-spots, we draw a black line across each two spots originated from the same hole in the mask. Since the HWS measures only the slope of the wavefront, this method is in principle unable to determine discontinuous wavefronts. In order to make use of those two spots, we calculate the weighted centers of each two and also use them to construct a continuous wavefront. The result is shown in Fig. 8(b) . We find that the radius of the measured wavefront corresponding to the inner lens is 53 ± 4mm, averaged from the measured value in both x and y direction. The expected radius from the inner lens is 53 mm so the agreement is excellent. A similar agreement appears for the outer lens, where the measured wavefront radius is 52 ± 3mm and the expected wavefront radius is 53mm.
Discussions
Our experiment is the first attempt to measure the wavefront of CW radiation at THz wavelengths. Compared to those in the visible and near infrared wavelengths, the HWS in the THz domain can be further improved in a few aspects.
One possible improvement is to replace the HWS by a SHWS based on a microlens array. Each lens can be made of a low loss and low reflective index material such as HDPE and has a small diameter of, e.g. 1~2 mm. The advantages of using the SHWS are the following: First, the total number of the spots can be increased by enlarging the beam. In our experiment, we have recorded a 9 × 9 spot array for planar and spherical wavefronts and a 17 × 17 spot array for the complex wavefronts. The total spot number is limited by the size of the holes, which can't be much smaller than 10λ because of the diffraction. Enlarging a beam will certainly increase the total number of the spots, but also decrease the intensity of each spot. If the spots are focused by lenses, then the intensity of the focused spot could be higher, hence can be distinguished with less incident power. Second, the mask needn't be moved and the measurement time can be reduced. When the holes are changed into lenses, the focused spots are smaller and easier to be determined. The same spatial resolution as of the HWS can be achieved without moving the mask if all the microlenses are closely packed.
Another improvement is to use sensitive multi-pixel THz camera instead of a single-pixel pyroelectric detector. As it is now, recording a 9 × 9 HWS spot pattern requires about 3 hours and recording a 17 × 17 spot pattern takes 10 hours. Such long measurement time is mainly caused by the time needed for a 2D raster scan using a single-pixel detector. Furthermore, the THz detector used in this experiment has a relatively poor sensitivity. This issue can be solved by introducing a sensitive multi-pixel THz camera. The THz camera based on superconducting detectors such as transition edge sensors (TES) [19] and kinetic inductance detectors (KIDs) [20] with a NEP below 10 −17 WHz -1/2 have already been developed for astronomic applications although in our case there is no need for so extremely low NEP. THz cameras operated at room temperature are also in progress and some of them have already been demonstrated in the laboratories with a NEP of 4 × 10 −11 WHz -1/2 at 3.1 THz [21] . By introducing a THz camera into a SHWS, the measurement efficiency can be improved drastically, thus the speed will not be an issue anymore.
Summary
We succeed in demonstrating a Hartmann wavefront sensor to characterize the wavefront of THz electromagnetic radiation. The HWS consists of a metallic hole array mask and a pyroelectric detector. Different wavefronts of the THz radiations generated by a far-infrared gas laser at 2.5 THz in combination with mono-focal and bi-focal lenses are measured and reconstructed. They show in general excellent agreement with the calculations. We have also applied our HWS to measure the wavefront of a 3rd order distributed feedback (DFB), 3.5 THz quantum cascade laser [22] . Good spherical wavefront has been obtained and the detailed analysis of the data in relation with the laser structure is in progress. Although this new technique at THz frequencies still needs to be improved, the Hartmann wavefront sensor is a very promising technique for numerous potential applications. For example, it can be used for determining different wavefront of a THz radiation source, such as a THz quantum cascade laser, allowing characterizing not only the beam pattern but also the wavefront of a new laser. Since a new generation of ground based large telescopes for sub-millimeter astronomy are coming into service, adaptive optics techniques can be used to improve the performance of optical systems by reducing the effect of wave front distortion, caused by fluctuations in atmospheric refraction [23] . Also the wavefront sensor can be used in material testing [24] and surface profile measurement [25] in the THz region since all these techniques are based on the measurement of the wavefront distortion induced by passing through a sample or reflecting from a distorted surface.
